The largest group which occurs as the rotational symmetries of a three-dimensional reflexive polytope is S4. There are three pairs of three-dimensional reflexive polytopes with this symmetry group, up to isomorphism. We identify a natural one-parameter family of K3 surfaces corresponding to each of these pairs, show that S4 acts symplectically on members of these families, and show that a general K3 surface in each family has Picard rank 19. The properties of two of these families have been analyzed in the literature using other methods. We compute the Picard-Fuchs equation for the third Picard rank 19 family by extending the Griffiths-Dwork technique for computing Picard-Fuchs equations to the case of semiample hypersurfaces in toric varieties. The holomorphic solutions to our Picard-Fuchs equation exhibit modularity properties known as "Mirror Moonshine"; we relate these properties to the geometric structure of our family.
Introduction
Families of Calabi-Yau varieties with discrete symmetry groups provide a fertile source of examples and conjectures in geometry and theoretical physics. Greene and Plesser's construction of the mirror to a family of Calabi-Yau threefolds relied on the construction of a special pencil of threefolds admitting a discrete group symmetry (see [Greene and Plesser 90] In the case of K3 surfaces, actions of a finite group of symplectic automorphisms, which preserve the holomorphic two-form, are of particular interest. Nikulin classified the finite abelian groups which can act symplectically on K3 surfaces in [Nikulin 80 ]. Mukai showed in [Mukai 88 ] that any finite group G with a symplectic action on a K3 surface is a subgroup of a member of a list of eleven groups, and gave an example of a symplectic action of each of these maximal groups. Xiao and Kondō gave alternate proofs of the classification in [Xiao 96 ] and [Kondō 98 ], respectively; [Xiao 96, Table 2 ] includes a complete list of finite groups which admit symplectic group actions on K3 surfaces.
If a K3 surface X admits a symplectic action by a group G, then the Picard group of X must contain a primitive definite sublattice SG; in [Whitcher 10 ], the third author gives a procedure for computing the lattice invariants of SG for any of the groups in [Xiao 96 , Table 2 ]. The relationship between a symplectic action and the Picard group has been worked out in detail for particular finite groups: cf. [Oguiso and Zhang 02], [Garbagnati 08 ], [Garbagnati 09 ], [Garbagnati 10 ], [Garbagnati and Sarti 07] and [Hashimoto 09 ]. Thus, symplectic group actions may be used to identify K3 surfaces with high Picard rank.
Families of K3 surfaces with Picard rank 19 admit a particularly nice construction of the mirror map, which relates the moduli of a family of K3 surfaces to the moduli of the mirror family (see [Dolgachev 96 ]). One may study the mirror map using Picard-Fuchs differential equations. In [Doran 00 ], Doran uses PicardFuchs differential equations to determine when a mirror map for a Picard rank 19 family of K3 surfaces is an automorphic function. The dissertation [Smith 07 ] uses symplectic group actions to produce pencils of K3 surfaces with Picard rank 19 in projective space P 3 and the weighted projective space P(1, 1, 1, 3), and computes the associated Picard-Fuchs equations.
In this paper, we study special one-parameter families of K3 hypersurfaces in toric varieties obtained from three-dimensional reflexive polytopes. The key idea is to use symmetries of the polytopes to identify a group action on a family of hypersurfaces. The largest group which occurs as the rotational symmetries of a three-dimensional reflexive polytope is S4. Up to automorphism, there are three pairs of three-dimensional reflexive polytopes with this symmetry group. We identify a natural one-parameter family of K3 surfaces corresponding to each of these pairs, show that S4 acts symplectically on members of these families, and show that a general K3 surface in each family has Picard rank 19.
The Picard-Fuchs equations for two of our families were analyzed in [Peters and Stienstra 89] , [Verrill 96 ], and [Hosono et al. 04] . We compute the Picard-Fuchs equation for the third Picard rank 19 family, using coordinates which arise naturally from the reflexive polytope. In order to do so, we extend the GriffithsDwork algorithm to the case of semi-ample hypersurfaces in toric varieties. Our method relies on the theory of residue maps for hypersurfaces in toric varieties developed in [Batyrev and Cox 94] and extended in [Mavlyutov 00 ].
2 Toric varieties and semiample hypersurfaces
Toric varieties and reflexive polytopes
We begin by recalling some standard constructions involving toric varieties. Let N be a lattice isomorphic to Z n . The dual lattice M of N is given by Hom(N, Z); it is also isomorphic to Z n . We write the pairing of v ∈ N and w ∈ M as v, w . A cone in N is a subset of the real vector space N R = N ⊗ R generated by nonnegative R-linear combinations of a set of vectors {v1, . . . , vm} ⊂ N . We assume that cones are strongly convex, that is, they contain no line through the origin. Note that each face of a cone is a cone.
A fan Σ consists of a finite collection of cones such that each face of a cone in the fan is also in the fan, and any pair of cones in the fan intersects in a common face. We say Σ is simplicial if the generators of each cone in Σ are linearly independent over R. If every element of N R belongs to some cone in Σ, we say Σ is complete. In the following, we shall restrict our attention to complete fans.
A fan Σ defines a toric variety VΣ. We may describe VΣ using homogeneous coordinates, in a process analogous to the construction of P n as a quotient space of (C * ) n . We follow the exposition in [Hori et al. 03 ]. Let Σ(1) = {ρ1, . . . , ρq} be the set of one-dimensional cones of Σ. For each ρj ∈ Σ(1), let vj be the unique generator of the semigroup ρj ∩ N .
We construct the toric variety VΣ as follows. To each edge ρj ∈ Σ(1), we associate a coordinate zj. Let S denote any subset of Σ(1) that does not span a cone of Σ. Let V(S) ⊆ C q be the linear subspace defined by setting zj = 0 for each ρj ∈ S. Let Z(Σ) be the union of the spaces V(S). Note that (C * ) q acts on C q − Z(Σ) by coordinate-wise multiplication. Fix a basis for N , and suppose that vj has coordinates (vj1, . . . , vjn) with respect to this basis. Consider the map φ :
Then the toric variety VΣ associated with the fan Σ is given by
Given a lattice polytope in N , we define its polar polytope
• is also a lattice polytope, we say that is a reflexive polytope and that and • are a mirror pair.
Example 2.1. The generalized octahedron in N with vertices at (±1, 0, . . . , 0), (0, ±1, . . . , 0), . . . , (0, 0, . . . , ±1) is a reflexive polytope. Its polar polytope is the hypercube with vertices at (±1, ±1, . . . , ±1). A reflexive polytope must contain 0; furthermore, 0 is the only interior lattice point of the polytope. We may obtain a fan R by taking cones over the faces of . Let Σ be a simplicial refinement of R such that the one-dimensional cones of Σ are generated by the nonzero lattice points v k , k = 1 . . . q, of ; we call such a refinement a maximal projective subdivision. Then the variety VΣ is an orbifold; if n = 3, VΣ is smooth (see [Cox and Katz 99] ).
Example 2.2. Let N ∼ = Z 3 , and let be the octahedron with vertices v1 = (1, 0, 0), v2 = (0, 1, 0), v3 = (0, 0, 1), v4 = (−1, 0, 0), v5 = (0, −1, 0), and v6 = (0, 0, −1). Then the only lattice points of are the vertices and the origin. Let R be the fan obtained by taking cones over the faces of . Then R defines a toric variety VR which is isomorphic to
Proof. The vertices of the octahedron v1, . . . , v6 generate the one-dimensional cones ρ1, . . . , ρ6 of R. The two-element subsets of Σ(1) that do not span cones are {ρ1, ρ4}, {ρ2, ρ5}, and {ρ3, ρ6}; larger subsets of Σ(1) that do not span cones contain one of the two-element subsets that do not span cones. Thus, Z(Σ) consists of points of the form (0, z2, z3, 0, z5, z6), (z1, 0, z3, z4, 0, z6), or (z1, z2, 0, z4, z5, 0). The map φ is given by: φ(t1, t2, t3, t4, t5, t6) = (t1t
6 ) Then VR is given by the quotient C 6 \Z(Σ)/ ker(φ), where ker(φ) contains points satisfying t1 = t4, t2 = t5, and t3 = t6. This corresponds to the equivalence relations (z1, z2, z3, z4, z5, z6) ∼ (λ1z1, z2, z3, λ1z4, z5, z6) (z1, z2, z3, z4, z5, z6) ∼ (z1, λ2z2, z3, z4, λ2z5, z6) (z1, z2, z3, z4, z5, z6) ∼ (z1, z2, λ3z3, z4, z5, λ3z6) where λ1, λ2, λ3 ∈ C * . Thus, VR is isomorphic to the toric variety P × P × P.
Example 2.3. Let N ∼ = Z 3 , and let be the octahedron with vertices v1 = (1, 0, 0), v2 = (1, 2, 0), v3 = (1, 0, 2), v4 = (−1, 0, 0), v5 = (−1, −2, 0), and v6 = (−1, 0, −2). Let R be the fan obtained by taking cones over the faces of . Then R defines a toric variety VR which is isomorphic to (P×P×P)/(Z2 ×Z2 ×Z2). If Σ is a simplicial refinement of R such that the one-dimensional cones of Σ are generated by the nonzero lattice points of , then VΣ is a smooth variety and the map VΣ → VR is a resolution of singularities. Proof. As in Example 2.2, Z(Σ) consists of points of the form (0, z2, z3, 0, z5, z6), (z1, 0, z3, z4, 0, z6), or (z1, z2, 0, z4, z5, 0). The map φ is defined as φ(t1, t2, t3, t4, t5, t6) = (t1t2t3t . We obtain the equivalence relations (z1, z2, z3, z4, z5, z6) ∼ (λ1z1, z2, z3, ±λ1z4, z5, z6) (z1, z2, z3, z4, z5, z6) ∼ (z1, λ2z2, z3, z4, ±λ2z5, z6) (z1, z2, z3, z4, z5, z6) ∼ (z1, z2, λ3z3, z4, z5, ±λ3z6) where λ1, λ2, λ3 ∈ C * . We conclude that VR is isomorphic to (P 1 × P 1 × P 1 )/(Z2 × Z2 × Z2). Since n = 3, the simplicial refinement Σ yields a smooth variety.
Semiample hypersurfaces and the residue map
In this section, we review properties of hypersurfaces in toric varieties, and give a brief outline of the results of [Mavlyutov 00 ] on the residue map in this setting. Let Σ be a complete, simplicial n-dimensional fan, and let S = C[z1, . . . , zq] be the homogeneous coordinate ring of the corresponding toric variety VΣ. Each variable zi defines an irreducible torus-invariant divisor Di, given by the points where zi = 0. The homogeneous coordinate ring is graded by the Chow group of VΣ, according to the rule
A homogeneous polynomial p in S β defines a hypersurface X in VΣ.
Definition 2.4. [Batyrev and Cox 94 ] If the products ∂p/∂zi, i = 1 . . . q do not vanish simultaneously on X, we say X is quasismooth.
Definition 2.5. [Mavlyutov 00 ]If the products zi ∂p/∂zi, i = 1 . . . q do not vanish simultaneously on X, we say X is regular and p is nondegenerate.
Let R be a fan over the faces of a reflexive polytope, and assume Σ is a refinement of R. We have a proper birational morphism π : VΣ → VR. Let Y be an ample divisor in VR, and suppose X = π * (Y ). Then X is semiample: Now, let us assume that X is a semiample, quasismooth hypersurface defined by a polynomial p ∈ S β . The residue map relates the cohomology of VΣ − X to the cohomology of X:
In order to give a precise definition of the residue map, let us represent elements of H n (VΣ − X) using rational forms. Choose an integer basis m1, . . . , mn for the dual lattice M . For any n-element subset
Let Ω be the n-form on VΣ given in global homogeneous coordinates by |I|=n det vIẑI dzI . (Note that if VΣ = P n , then Ω is the usual holomorphic form on
, and let A ∈ S (a+1)β−β 0 . Then the rational form ωA := AΩ p a+1 is a class in H n (VΣ − X). Let γ be any n − 1-cycle in X, and let T (γ) be the tube over γ in VΣ − X. Then the residue of ωA is the class in H n−1 (X) satisfying
The residue class Res(ωA) lies in H n−1−a,a (X). (See [Mavlyutov 00, §3].) We shall have occasion to use the following special case of this construction:
Lemma 2.7. [Mavlyutov 00, §3] Let X be a quasismooth K3 hypersurface in VΣ described in global homogeneous coordinates by a polynomial p. Then ω := Res(Ω/p) generates H 2,0 (X).
We may use rational forms and the residue map to relate H n−1 (X) to certain quotient rings.
Definition 2.8. [Batyrev and Cox 94] Let p ∈ S β . Then the Jacobian ideal J(p) is the ideal of S generated by the partial derivatives ∂p/∂zi, i = 1 . . . q, and the Jacobian ring R(p) is the quotient ring S/J(p). The Jacobian ring inherits a grading from S.
Proposition 2.9. [Mavlyutov 00, §3] If X is a quasismooth, semiample hypersurface defined by a polynomial p, then the residue map induces a well-defined map of rings
If VΣ is isomorphic to P n or a weighted projective space, then the map ResJ is injective. (See [Batyrev and Cox 94, §11].) One may obtain injective maps for more general ambient spaces by working with a different quotient ring; however, these results only apply when the hypersurface X is regular. The ring R1(p) is the quotient ring S/J1(p); this ring inherits a grading from S.
Theorem 2.11. [Mavlyutov 00, Theorem 4.4] If X is a regular, semiample hypersurface defined by a polynomial p, then the residue map induces a well-defined, injective map of rings
3 Three symmetric families of K3 surfaces
Symplectic group actions on K3 surfaces
Let X be a K3 surface and let g be an automorphism of X. We say that g acts symplectically if g * (ω) = ω, where ω is the unique holomorphic two-form on X. If G is a finite group of automorphisms of X, we say G acts symplectically on X if every element of G acts symplectically.
The cup product induces a bilinear form , on
(We take E8 to be negative definite.) Using this form, we define
⊥ . Nikulin showed that the groups Pic(X) and SG are related:
The lattice SG is nondegenerate and negative definite.
The rank of the lattice SG depends only on the group G. [Xiao 96, Table 2 ] lists the rank of SG for each group G which admits a symplectic action on a K3 surface; a discussion of methods for computing lattice invariants of SG may be found in [Whitcher 10 ].
Lemma 3.2. [Whitcher 10, Example 2.1] Let X be a K3 surface which admits a symplectic action by the permutation group G = S4. Then Pic(X) admits a primitive sublattice SG which has rank 17 and discriminant d(SG) = −2 6 · 3 2 .
An S 4 symmetry of polytopes and hypersurfaces
Let be a reflexive polytope in a lattice N ∼ = Z 3 , and let Σ be a simplicial refinement of the fan over the faces of . Demazure and Cox showed that the automorphism group A of the toric variety VΣ is generated by the big torus T ∼ = (C * ) 3 , symmetries of the fan Σ induced by lattice automorphisms, and one-parameter families derived from the "roots" of VΣ (see [Cox and Katz 99] ). We are interested in finite subgroups of A which act symplectically on K3 hypersurfaces X in VΣ.
Let us consider the automorphisms of VΣ induced by symmetries of the fan Σ. Since Σ is a refinement of the fan R consisting of cones over the faces of , the group of symmetries of Σ must be a subgroup H of the group H of symmetries of (viewed as a lattice polytope). We will identify a family F of K3 surfaces in VΣ on which H acts by automorphisms, and then compute the induced action of G on the (2, 0) form of each member of the family.
Let h ∈ H , and let X be a K3 surface in VΣ defined by a polynomial p in global homogeneous coordinates. Then h maps lattice points of to lattice points of , so we may view h as a permutation of the global homogeneous coordinates zi: h is an automorphism of X if p • h = p. Alternatively, since H is the automorphism group of both and its polar dual polytope
• , we may view h as an automorphism of • : from this vantage point, we see that h acts by a permutation of the coefficients cx of p, where each coefficient cx corresponds to a point x ∈
• . Thus, if h is to preserve X, we must have cx = cy whenever h(x) = y. We may define a family of K3 surfaces fixed by H by requiring that cx = cy for any two lattice points x, y ∈
• which lie in the same orbit of H : Proposition 3.3. Let F be the family of K3 surfaces in VΣ defined by the following family of polynomials in global homogeneous coordinates:
where O is the set of orbits of nonzero lattice points in • under the action of H . Then H acts by automorphisms on each K3 surface X in F .
Proposition 3.4. Let X be a quasismooth K3 surface in the family F , and let h ∈ H ⊂ GL(3, Z). Then h * (ω) = (det h)ω.
Proof. Once again, we use the fact that we may view h as either an automorphism of the lattice N which maps to itself, or as an automorphism of the dual lattice M which restricts to an automorphism of
Thus the group G of orientation-preserving automorphisms of which preserve Σ acts symplectically on quasismooth members of F .
The largest group which occurs as the orientation-preserving automorphism group of a three-dimensional lattice polytope is S4. There are three distinct pairs of isomorphism classes of reflexive polytopes which have this symmetry group. In the following examples, we analyze families derived from these pairs of polytopes.
Example 3.5. Let be the cube with vertices of the form (±1, ±1, ±1). The dual polytope
• is an octahedron, with vertices {(±1, 0, 0), (0, ±1, 0), (0, 0, ±1)}. We may choose our fan Σ such that the group of lattice automorphisms of preserves Σ. The group G of orientation-preserving automorphisms of is isomorphic to S4. F is a one-parameter family, and if X is a quasismooth member of F , rank Pic(X) ≥ 19.
Proof. The action of G on
• has two orbits: the origin, and the vertices of the octahedron. Thus, F is a one-parameter family. Using Lemma 3.2, we conclude that for any quasismooth member of F , rank SG = 17.
Let X be a quasismooth member of F . We wish to determine which of the divisors of X inherited from the ambient toric variety VΣ are in H 2 (X, Z) G . The action of G on the lattice points of has four orbits: the origin, the vertices of the cube, the interior points of edges, and interior points of faces. Let v1, . . . , v8 be the vertices of the cube and v9, . . . , v20 be the interior points of edges; let W1, . . . , W20 be the corresponding torus-invariant divisors of the toric variety VΣ. Since v1, . . . , v8 and v9, . . . , v20 are orbits of the action of G, W1 + · · · + W8 and W9 + · · · + W20 are elements of Pic(V ) which are fixed by G. These two divisors span a rank-two lattice in Pic(V ). Since there are no lattice points strictly in the interior of the edges of
• and none of the points v1, . . . , v20 lies in the relative interior of a facet of , W k ∩ X is connected and nonempty for 1 ≤ k ≤ 20 and the divisors W1 ∩ X + · · · + W8 ∩ X and W9 ∩ X + · · · + W20 ∩ X span a rank-two lattice in Pic(X). This rank-two lattice is contained in H 2 (X, Z) G . Since SG is the perpendicular complement of H 2 (X, Z) G , rank Pic(X) ≥ 17 + 2 = 19. Example 3.7. Let be a three-dimensional reflexive polytope with fourteen vertices and twelve faces. Up to lattice isomorphism, is unique; moreover, has the most vertices of any three-dimensional reflexive polytope. We may choose our fan Σ such that the group of lattice automorphisms of preserves Σ. The group G of orientation-preserving automorphisms of is isomorphic to S4, and F is a one-parameter family. If X is a quasismooth member of F , rank Pic(X) ≥ 19.
Proof. The lattice points of • consist of vertices and the origin, and G acts transitively on the vertices of • , so F is a one-parameter family. As above, Lemma 3.2 shows that for any quasismooth member of F , rank SG = 17.
Let X be a quasismooth member of F . Once again, we determine which of the divisors of X inherited from the ambient toric variety VΣ are in H 2 (X, Z) G . The action of G on the lattice points of has three orbits; one orbit contains the origin, another contains eight vertices, and the last contains the remaining six vertices. Let {v1, . . . , v8} and {v9, . . . , v14} be the vertex orbits; let W1, . . . , W14 be the corresponding torus-invariant divisors of VΣ. Then W1 + · · · + W8 and W9 + · · · + W14 are elements of Pic(V ) fixed by the action of G; these two divisors span a rank-two lattice in Pic(V ). Since there are no lattice points strictly in the interior of the edges of
• and the facets of have no points in their relative interiors, W k ∩X is connected and nonempty for 1 ≤ k ≤ 14 and the divisors W1 ∩ X + · · · + W8 ∩ X and W9 ∩ X + · · · + W14 ∩ X span a rank-two lattice in Pic(X). This rank-two lattice is contained in H 2 (X, Z) G , so rank Pic(X) ≥ 17 + 2 = 19. . We may choose our fan Σ such that the group of lattice automorphisms of preserves Σ. The group G of orientation-preserving automorphisms of is isomorphic to S4. F is a one-parameter family. If X is a quasismooth member of F , rank Pic(X) ≥ 19.
• has two orbits, the origin and the polytope's vertices, so F is a oneparameter family. As in the previous example, Lemma 3.2 shows that for any quasismooth member of F , rank SG = 17.
Let X be a quasismooth member of F . As before, we determine which of the divisors of X inherited from the ambient toric variety VΣ are in H 2 (X, Z) G . The action of G on the lattice points of has three orbits: the origin, the octahedron's vertices, and the interior points of edges. Let v1, . . . , v6 be the vertices and v7, . . . , v18 be the interior points of edges; let W1, . . . , W18 be the corresponding torus-invariant divisors of VΣ. Then W1 + · · · + W6 and W7 + · · · + W18 are elements of Pic(V ) fixed by the action of G. These two divisors span a rank-two lattice in Pic(V ). Since there are no lattice points strictly in the interior of the edges of
• and the facets of have no points in their relative interiors, W k ∩ X is connected and nonempty for 1 ≤ k ≤ 18 and the divisors W1 ∩ X + · · · + W6 ∩ X and W7 ∩ X + · · · + W18 ∩ X span a rank-two lattice in Pic(X). This rank-two lattice is contained in H 2 (X, Z) G . Thus, rank Pic(X) ≥ 17 + 2 = 19.
Picard-Fuchs Equations

The Griffiths-Dwork technique
A period is the integral of a differential form with respect to a specified homology class. The Picard-Fuchs differential equation of a family of varieties is a differential equation which describes the way the value of a period changes as we move through the family. We may use Picard-Fuchs differential equations for periods of holomorphic forms to understand the way the complex structure of a family of varieties varies within the family. The Griffiths-Dwork technique provides an algorithm for computing Picard-Fuchs equations for families of hypersurfaces in projective space. This technique has been generalized to hypersurfaces in weighted projective space and in some toric varieties. Unlike other methods for computing Picard-Fuchs equations, the Griffiths-Dwork technique allows the study of arbitrary rational parametrizations.
Let us begin by reviewing the Griffiths-Dwork technique for one-parameter families of hypersurfaces Xt in P n described by homogeneous polynomials pt of degree . We may define a flat family of cycles γt. We then differentiate as follows:
Thus, we may express successive derivatives of the period γ t Ω p as periods of the residues of rational forms. If H n−1 (X, C) is r-dimensional as a vector space over C, then at most r residues of rational forms can be linearly independent. Therefore, the period must satisfy a linear differential equation with coefficients in C(t) of order at most r; this linear differential equation is the Picard-Fuchs differential equation which we seek.
In 
is a member of the Jacobian ideal, and each Ai is a homogeneous polynomial of degree k · − n. Then the following equation allows us to reduce the order of the pole:
We may find the Picard-Fuchs equation by systematically taking derivatives of γ t Res In order to extend the Griffiths-Dwork technique to hypersurfaces in toric varieties, we need two tools: an appropriate version of the residue map, and an analogue of Equation 6 to reduce the order of the poles. In the case of semiample hypersurfaces in toric varieties, we may use the results of [Batyrev and Cox 94] and [Mavlyutov 00] described in § 2.2 to define Res. We must be aware, however, that the induced residue map ResJ need not be injective for an arbitrary family of semiample hypersurfaces.
To construct an analogue of Equation 6, we note that the results of [Batyrev and Cox 94] apply in the semiample case:
Definition 4.1. [Batyrev and Cox 94, Definition 9.8] Let i ∈ {1, . . . , q}. We define the n − 1-form Ωi on VΣ as follows:
Here we use the convention that i is the first element of {i} ∪ J. 
Now, let X be a hypersurface in a toric variety VΣ described by a homogeneous polynomial p ∈ S β . Suppose we have an element of H n−1 (X, C) of the form Res
is a member of the Jacobian ideal, and Ai ∈ S kβ−β 0 +β i . The following reduction of pole order equation follows immediately:
A Picard-Fuchs equation
Let be the octahedron with vertices (1, 1, 1), (−1, −1, 1), (−1, 1, −1), (1, −1, 1), (1, 1, −1), and (−1, −1, −1), as in Example 3.9, and let F be the associated one-parameter family. In this section, we describe the Picard-Fuchs equation for F . We use our result to show that the Picard rank of a general member of F is exactly 19. Doran analyzed the properties of Picard-Fuchs equations for lattice-polarized families of K3 surfaces with Picard rank 19 in [Doran 00], and showed that the Picard-Fuchs equations for the K3 surfaces are related to Picard-Fuchs equations for families of elliptic curves. The symmetric square of the second-order linear, homogeneous differential equation
where primes denote derivatives with respect to t. Recall that a member of F is described by the polynomial
where Q is the orbit consisting of the nonzero lattice points of • . To simplify our computations, we set t = 1 c Q and work with hypersurfaces Xt ∈ F described by the polynomial
Theorem 4.6. The Picard-Fuchs equation for F is
Proof. We apply the the Griffiths-Dwork technique. Let ω = Res Ω f be a period of the holomorphic form. The parameter t only appears in a single term of f , so the derivatives of ω have a particularly nice form:
Using the computer algebra system [Bosma et . Therefore, the symmetric square root of 11 is
The symmetric square root is linear and Fuchsian, as expected.
Modularity and Its Geometric Meaning
All three S4 symmetric families of K3 surfaces exhibit "Mirror Moonshine" ([Lian and Yau 98]): the mirror map is related to a hauptmodul for a genus 0 modular group Γ ⊂ P SL2(R), which gives a natural identification of the base minus the discriminant locus with H/Γ or a finite cover of H/Γ, where P SL2(R) acts on the upper half-plane H as linear fractional transformations. Under this identification, the holomorphic solution to the Picard-Fuchs equation becomes a Γ-modular form of weight 2.
In the cases studied in this article, this modularity is not an accident, but rather is a consequence of special geometric properties of the K3 surfaces.
Elliptic Fibrations on K3 Surfaces
We can determine the geometric structures related to modularity by identifying elliptic fibrations with section on these K3 surfaces. We briefly recall a few facts about elliptic fibrations with section on K3 surfaces.
Definition 5.1. An elliptic K3 surface with section is a triple (X, π, σ) where X is a K3 surface, and π : X → P 1 and σ : P 1 → X are morphisms with the generic fiber of π an elliptic curve and π • σ = id P 1 .
Any elliptic curve over the complex numbers can be realized as a smooth cubic curve in P 2 in Weierstrass normal form
Conversely, the equation (14) defines a smooth elliptic curve provided ∆ = g 3 2 − 27g 2 3 = 0. Similarly, an elliptic K3 surface with section can be embedded into the P 2 bundle P(O P 1 ⊕ O P 1 (4) ⊕ O P 1 (6)) as a subvariety defined by (14), where now g2, g3 are global sections of O P 1 (8), O P 1 (12) respectively (i.e. they are homogeneous polynomials of degrees 8 and 12). The singular fibers of π are the roots of the degree 24 homogeneous polynomial ∆ = g 3 2 − 27g 2 3 ∈ H 0 (O P 1 (24)). Tate's algorithm [Tate 75 ] can be used to determine the type of singular fiber over a root p of ∆ from the orders of vanishing of g2, g3 , and ∆ at p.
Proposition 5.2. [Clingher and Doran 07, Lemma 3.9] A general fiber of π and the image of σ span a copy of H in Pic(X). Further, the components of the singular fibers of π that do not intersect σ span a sublattice S of Pic(X) orthogonal to this H, and Pic(X)/(H ⊕ S) is isomorphic to the Mordell-Weil group M W (X, π) of sections of π.
When K3 surfaces are realized as hypersurfaces in toric varieties, one can construct elliptic fibrations combinatorially from the three-dimensional reflexive polytope . As before, let Σ be a refinement of the fan over faces of . Suppose P ⊂ N is a plane such that ∩ P is a reflexive polygon ∇, let m be a normal vector to P , and let Ξ be the fan over faces of ∇. Then P induces a torus-invariant map VΣ → P 1 with generic fiber VΞ, given in homogeneous coordinates by
Restricting πP to an anticanonical K3 surface, we get an elliptic fibration. If ∇ has an edge without interior points, this fibration will have a section as well. See [Kreuzer 98 ] for more details.
Example 5.3. We can use such an elliptic fibration with section to study the ring structure of the Picard group of a generic member X of the family defined by (10). The map π : VΣ → P 1 defined by the procedure above with m = (0, 1, 0), is an elliptic fibration with section σ : P 1 → X. For this particular π, examining the singular fibers gives an embedding of the rank 19 lattice H ⊕ S = H ⊕D6 ⊕D6 ⊕A3 ⊕A1 ⊕A1 into Pic(X). Because this fibration has more than one section, H ⊕S = Pic(X). To determine M W (X, σ) = N S(X)/(H ⊕ S), we note that the order of this group must divide 16, the square root of the determinant of the intersection matrix of H ⊕ S. By putting the fibration into the Legendre normal form show there are no four-or eight-torsion sections. Hence M W (X, π) Z/2×Z/2. While this still doesn't completely determine Pic(X), we know now that it a rank 19 lattice of signature (1,18) with discriminant ±16 which contains the sublattice H⊕D6⊕D6⊕A3⊕A1⊕A1.
Kummer and Shioda-Inose Structures Associated to Products of Elliptic Curves
Let E1 , E2 be elliptic curves, thought of as quotients C/(Z ⊕ Zτ1), C/(Z ⊕ Zτ2) for τ1, τ2 ∈ H. The action of {±1} on A = E1 × E2 has sixteen fixed points, leading to sixteen nodes on the quotient A = A/{±1}. The minimal resolution of A is a K3 surface Km(A) called the Kummer Surface of A. The Picard group of Km(A) contains a lattice DK of rank 18, generated by the sixteen exceptional curves of the resolution, together with the strict transforms of the images of E1 × {pt}, {pt} × E2. Conversely, any K3 surface X with a primitive embedding DK → P ic(X) is isomorphic to Km(A) for some A = E1 × E2 [Clingher and Doran 07, Prop 3.21].
A Kummer surface carries a symplectic involution β, with the minimal resolution of Km(A)/β again a K3 surface SI(A), called the Shioda-Inose surface of A. [Clingher and Doran 07] shows that X SI(A) for A = E1 × E2 if and only if the rank 18 lattice H ⊕ E8 ⊕ E8 embeds primitively into P ic(X). Generically, this will be exactly the Picard lattice, and so the transcendental lattice will be H ⊕ H.
If E1, E2 are n-isogenous, i.e. if there exists a degree n morphism E1 → E2, then the Picard ranks of Km(A) and SI(A) have rank 19, with an extra generator corresponding to the strict transform of the graph of the isogeny. In this case, the Picard lattice of the Shioda-Inose surface will generically be H ⊕ E8 ⊕ E8 ⊕ −2n , and the transcendental lattice will be H ⊕ 2n .
E1, E2 are n-isogenous if and only if, up to the action of P SL2(Z) on H, τ2 = −1 nτ 1
. (Note then that the relation is symmetric; given an isogeny E1 → E2, there exists a dual isogeny E2 → E1.) Thus if
then the moduli space of ordered pairs of n-isogenous elliptic curves is given by X0(n) = H/Γ0(n). To form the moduli space of products of n-isogenous elliptic curves, we need to quotient also by the involution τ → −1 nτ on X0(n). We call the function w h : H → H defined by w h (τ ) = −1 hτ an Atkin-Lehner map.
Note that w h can be represented by the matrix 0 −1 √ h √ h 0 ∈ P SL2(R), and also that if h|n, then w h descends to an involution on X0(n). We write Γ0(n) + h for the subgroup of P SL2(R) generated by Γ0(n) and w h , and X0(n) + h for the quotient of X0(n) by w h (or equivalently for H/(Γ0(n) + h). Thus, X0(n) + n is the moduli space of products of n-isogenous elliptic curves, and hence also of the Kummer surfaces and Shioda-Inose surfaces associated to such products. It is important to note, however, that while the transcendental lattices of E1 × E2 and SI(E1 × E2) are isomorphic, the transcendental lattice of Km(E1 × E2) differs from these by scaling by 2. In these two cases, explicit calculations of Picard lattices in [Peters and Stienstra 89] and [Verrill 96 ] show the K3 surfaces have Shioda-Inose structures associated to product of 6-and 3-isogenous elliptic curves respectively. The transcendental lattices of the generic K3's in these pencils are H ⊕ 12 and H ⊕ 6 respectively. The role of Γ0(6) + 6 for Example 3.5, then, follows from identifying the base of the family with a compactification of the moduli space X0(6) + 6 of SI(E1 × E2) for E1, E2 6-isogenous. Similarly, in the case of Example 3.7, Γ0(6) + 3 ⊂ Γ0(3) + 3, so this example realizes the base of the family as a covering of the moduli space of SI(E1 × E2) for E1 , E2 3-isogenous.
Modular Groups Associated to our Families of K3 Surfaces
Example 3.9 is somewhat different. In this case, the K3 surfaces are not Shioda-Inose surfaces but Kummer surfaces. To see this, we will use the elliptic fibration of Ex. 5.3. Elliptic fibrations on Km(E1 × E2) have been classified by [Kuwata and Shioda 08] , where in particular they show that generically Km(E1×E2) has a fibration giving lattice H ⊕D6⊕D6⊕(A1)
⊕4 and Mordell-Weil group Z/(2)⊕Z/(2). If the two elliptic curves are presented in Legendre normal form (where u is an appropriately chosen parameter on the base of the fibration).
Comparing with our fibration, we see that our family then sits inside the family of Km(E1 × E2) as a locus where two of the A1 singular fibers collide to give an A3 singular fiber. The only possibilities are for λ1 = λ2 or λ1 = 1/λ2. In either case, E1 and E2 must be isomorphic. So our family is the family of K3 surfaces of the form Km(E × E).
To determine for what group Γ this family is modular, we consider the symmetric square root (11) of the Picard-Fuchs equation. By scaling the solutions appropriately, we may put this equation into a projective normal form 
